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Abstract
Phase stability of Cu–Pt–Rh ternary disordered alloys is examined by a combination of cluster
expansion techniques and Monte Carlo statistical simulation based on first-principles
calculation. The sign of pseudo-binary ECIs indicates that neighboring Cu and Pt strongly
prefer unlike-atom pairs, Pt and Rh weakly prefer unlike-atom pairs, and Cu and Rh atoms
prefer like-atom pairs, indicating that the ternary alloy retains the ordering tendency of the
constituent binary alloys. The formation energy of a random alloy at T = 1200 K exhibits a
negative sign for a wide range of Pt-rich compositions, while at Pt-poor compositions of
x � 0.25, the formation energy has a positive value. Calculated affinities for the random alloy
show the variety of energetically favored bonds for the alloy: Cu–Pt bonds in both first- and
second-nearest neighbor (1-NN and 2-NN) are energetically preferred for all the composition
range, the Pt–Rh bond in 1-NN is preferred at Pt-rich compositions, the Pt–Rh in 2-NN and
Rh–Cu in 1-NN bonds are unfavored for all compositions, and the Rh–Cu bond in 2-NN is
unfavored for Pt-poor compositions. We elucidate that the ordering tendency of 1-NN and
2-NN Cu–Pt, 2-NN Pt–Rh and 1-NN Cu–Rh atoms in constituent binary alloys is retained for
the whole composition range of Cu–Pt–Rh ternary alloys, while that of 1-NN Pt–Rh and 2-NN
Cu–Rh atoms significantly depends on composition.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Pt-based alloys have been actively investigated so far in terms
of enhancing the high catalytic properties of Pt metal. In
particular, the Pt alloy as an anode catalyst in polymer-
electrolyte fuel cells (PEFC) is extensively studied in order to
depoison CO adsorption for hydrogen-related reactions [1–7].
Since such catalytic properties of the alloys should certainly
be controlled by composition and atomic arrangements, the
theoretical prediction of structure and phase stability for alloys
should be a fundamental and important start to designing
desirable Pt-based alloy catalysts in terms of narrowing down
the controlling parameters.

Very recently, DFT-based investigations predict that Pt–
Rh and Pt–Cu alloys can be potential candidates for the
anode catalyst of the PEFC [8, 9]. The alloy surfaces
both consist of almost 100% Pt atoms at the surface due to
strong Pt segregation to the topmost layer, while the second
layer consists mainly of Rh or Cu atoms. The theoretical
investigation elucidated that the catalytic property of Pt atoms

at the top layer for the alloys is significantly affected by atomic
arrangements or composition in the second layer due mainly to
the chemical effect between the top and second layers. These
facts naturally suggest the possibility of a Cu–Pt–Rh ternary
alloy to be a potential candidate for the PEFC catalyst.

Despite such interest, phase stability of the Cu–Pt–Rh
alloy in both bulk and surface has not been investigated so
far. Meanwhile, phase stability for constituent binary alloys
in bulk of Pt–Rh, Pt–Cu and Cu–Rh are investigated both
experimentally and theoretically [10–16]: Pt–Cu have a stable
ordered structure of L12 at Pt25Cu75 and L10. Pt–Rh has once
been predicted to be a phase-separating system, but recent
theoretical [8, 12, 13] as well as experimental [14] work reveals
that this alloy exhibits an order–disorder transition below room
temperature. Cu–Rh alloy exhibits phase separation and its
mixing enthalpy is investigated by experimental study [16].

In the present paper, we investigate phase equilibria
of disordered Cu–Pt–Rh alloy using a combination of
the cluster expansion [17–19] (CE) technique and first-
principles calculation. The effects of a finite temperature on
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atomic arrangements is considered using Monte Carlo (MC)
simulation under a canonical ensemble based on effective
cluster interactions (ECIs) obtained via the CE. In the
following sections, we discuss the ordering tendency for
constituent elemental bonds, formation energies and affinities
for the disordered Cu–Pt–Rh alloy.

2. Methodology

We summarize the methodology for CE briefly below, since
details of the present calculation treatment is published
elsewhere [8, 20–22]. The CE technique is adopted to expand
DFT energies of Cu–Pt–Rh ternary alloys. In the CE technique,
we define the spin variable σi = {+1, 0,−1} which specifies
the occupation of Pt, Cu and Rh atoms at lattice point i on
the fcc structure. Then we construct cluster functions that are
complete and orthonormal for the whole N lattice points [20]:

E(�σ) = V0�0 +
∑

n

∑

(τ )

V (τ )
n (T )�(τ)

n (�σ)

�(τ)
n = φτ1(σn1)φτ2(σn2) · · · φτn (σnn)

φ0(σi ) = 1 φ1(σi ) =
√

3
2σi

φ2(σi ) = −√
2
(
1 − 3

2σ 2
i

)
.

(1)

Note that the expansion coefficient V , called the effective
cluster interaction (ECI), does not depend on atomic
arrangements. φ(σi ) is an orthonormal basis function for
lattice point i . Two sets of indices should be required
to specify the cluster function �: one is a set of lattice
points {i, j, . . . , k}, which configures the cluster figure n.
Another is a set of indexes of the basis function represented
by the subscript of φ, (τ ). While these ECIs have a clear
interpretation of coefficients of the orthonormal expansion in
equations (1), we do not obtain any intuition of which atomic
bonds are energetically preferred or not. Thus we project
orthonormal basis functions � onto cluster-probability basis
functions, which give an intuitive interpretation in terms of the
ordering tendency [23]. Note that, since the cluster-probability
basis is not orthonormal, we use them just for seeing the trends
of preference for atomic bonds. Using the cluster-probability
basis, the contribution of pair clusters to the total energy is
given by

Epair(�σ) = −4
i∑

pairs

[W i
IJχ

i
IJ + W i

JKχ i
JK + W i

IKχ i
IK], (2)

where χ i
IJ denotes the probability basis for pair cluster i with

I–J atoms and W i
IJ is the corresponding coefficients, which are

called quasibinary effective pair interactions (QEPIs). The
QEPI, W , can be expressed by a linear combination of the
ECIs [20–22] and have an explicit form of

W i
IJ = 1

4 [EII + EJJ − EIJ − EJI], (3)

where EIJ denotes the average energy of all the atomic
arrangements in the Cu–Pt–Rh ternary alloy with I and J

atoms in pair cluster i . Therefore, WIJ > 0 corresponds to a
preference of I–J unlike-atom pairs with respect to I–I and J–J
like-atom pairs, and WIJ < 0 to a disfavor of I–J atom pairs.

In order to determine the ECIs, we perform least-squares
(LS) fitting of the total energies for Cu–Pt–Rh ordered
structures obtained through DFT calculations. We estimate
the electronic contribution to the total energy for 174 ordered
structures, all consisting of 32 atoms, i.e. a 2×2×2 expansion
of the unit cell in the fcc structure. The first-principles
calculations were carried out based on DFT using the Vienna
ab initio simulation package (VASP) [24–26]. Kohn–Sham
equations are solved by employing the projector augmented-
wave (PAW) method [27] within the generalized gradient
approximation (GGA) of Perdew–Wang91 form [28] to the
exchange–correlation functional. A plane-wave cutoff energy
of 360 eV is used throughout the calculation. The numerical
error was estimated to be of the order of 1 meV/atom
by cutoff convergence tests. In order to deal with the
possible convergence problems for metals, the Methfessel–
Paxton scheme [29] was used with a smearing parameter σ of
0.08 eV. Brillouin zone integration is performed on the basis
of the Monkhorst–Pack scheme [30] with an 8 × 8 × 8 k-point
mesh for the 32-atom cell. Geometry optimization including
both cell dimensions and atomic coordinates is performed until
the residual forces become less than 30 meV Å

−1
.

For practical application of the cluster expansion, there
should be a limitation of the number of DFT input energies as
well as the number of clusters that are used for the expansion in
equations (1). In the present study, we choose an optimal set of
clusters using the genetic algorithm [32, 33] (GA) to minimize
the uncertainty of the energies predicted by ECIs, called a
cross-validation (CV) score [34, 35]. In the GA, the mutation
rate and population size are set to be 0.06 and 30, respectively.
An optimal set of input structures are chosen based on the
construction of ground-state lines [31]. The details of the above
procedures for selecting the clusters and input structures are
described in [8, 20].

Combining the CE technique with MC simulation, we can
obtain configurational properties for the Cu–Pt–Rh alloys. In
order to investigate phase equilibria for Cu–Pt, Pt–Rh, Rh–
Cu and Cu–Pt–Rh disordered alloys at finite temperature, the
MC statistical thermodynamic simulations under the canonical
ensemble are carried out on the Metropolis algorithm. In
the MC simulation, temperature T is set at 1200 K, since
we confirm that the Cu–Pt–Rh alloy is in a disordered phase
over all compositions at T = 1200 K. We used an 8 ×
8 × 8 expansion of the fcc unit cell (i.e. 2048 atoms) under
three-dimensional periodic boundary conditions. At T =
1200 K, 10 000 Monte Carlo steps per site were performed
for equilibration, followed by 2000 Monte Carlo steps per
atom for sampling at each composition. We have confirmed
that the MC cell size and steps used are sufficient to achieve
equilibrium and to obtain statistically averaged energies: errors
of formation energies for Cu–Pt–Rh disordered alloys due
to the use of the MC cell size and steps are within about
1–2 meV/atom. In each MC step, the total energy of the
system, atomic position and correlation functions were stored.
Then the formation energy and affinity for individual atomic
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Figure 1. Selected multibody clusters in the fcc structure. Note that an empty cluster with no explicit cluster figure is also used in the present
CE.

bonds can be obtained by taking the ensemble average. In
order to investigate ground-state structures at T = 0 K for
constituent binary alloys, we perform MC simulation with a
simulated annealing algorithm for effectively sweeping across
representative formation energies [22]. We employ a 32-atom
supercell with seven compositions of x (0.125 � x � 0.875
with a composition grid of 0.125). Initial temperature of the
MC simulation box is at T = 10 000 K and is gradually
decreased by 25 K after 6000 Monte Carlo steps per site until
the temperature becomes 0 K. During the simulation, all the
energies for each MC step are recorded.

3. Results and discussion

Following the procedure described in section 2, we determine
nine clusters consisting of one empty, one point, four pairs,
two triplets and one quadruplet clusters. The multibody cluster
figures are shown as dark spheres connected with bold lines
in figure 1. These clusters all consist of up to fourth-nearest-
neighbor (4-NN) pairs, indicating that total energy for the
Cu–Pt–Rh alloy is reasonably characterized by local atomic
arrangements. This character was also found for both Pt–
Rh and Pt25Cu75 binary alloys which require optimal clusters

consisting of up to the 4-NN pairs [8, 9]. The set of clusters
gives a CV score of 2.1 meV/atom, which is sufficiently
accurate to express relative energies for ordered structures.
The corresponding ECIs are shown in figure 2, where a set
of integers in the parentheses specifies the index of the basis
functions in equations (1). It can be clearly seen that the
dominant contribution to the total energy comes from ECIs for
pair clusters, particularly for 1-NN pair clusters in the basis
index set of (1, 1).

In order to see an intuitive interpretation of the ECIs,
we estimate the corresponding QEPIs, which are shown in
figure 3. There can be seen several important features in
the figure: (i) for 1-NN pairs, QEPI for Cu–Pt atoms have
the largest positive sign, that for Pt–Rh exhibit a slightly
positive value, and that for Cu–Rh shows a large value in
negative sign. This certainly reflects the ordering tendency
of the constituent binary alloys: the Cu–Pt alloy exhibits a
strong ordering tendency, resulting in a stable ordered structure
with a high transition temperature of 700–1000 K, depending
on composition, the Pt–Rh alloy exhibits a weak ordering
tendency with order–disorder transition at an extremely low
temperature of around 50–200 K and the Cu–Rh alloy
undergoes phase separation. (ii) For Cu–Pt atoms, the QEPI
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Figure 2. Effective cluster interactions for the multibody clusters. A
set of integer in the parentheses specifies the index of the basis
functions in equations (1).

for a 2-NN pair is one order smaller than that for 1-NN, which
is in contrast to the case of the Cu–Pt binary alloy where ECIs
for a 2-NN pair exhibit equal magnitude in positive sign to
that for 1-NN [9]. This indicates that the ordering tendency of
Cu–Pt atoms along the 2-NN coordination relatively decreases
with respect to that along the 1-NN in Cu–Pt–Rh ternary alloy.
(iii) For Pt–Rh atoms, QEPIs for 1-NN and 4-NN are in equal
magnitude in positive sign and are larger than that for 3-NN,
and that for 2-NN exhibits a slightly negative value. This
tendency also hold for ECIs for 1- to 4-NN pair clusters in
Pt–Rh binary alloys [8]. This indicates that the weak ordering
tendency in Pt–Rh binary alloys is certainly retained in the
Cu–Pt–Rh ternary alloy. (iv) For Cu–Rh atoms, the dominant
contribution to the total energy comes from QEPIs for 1- and
3-NN pairs in negative sign, indicating phase separation in the
ternary alloy.

Based on the ECIs in figure 2, we first briefly investigate
phase equilibria for constituent Cu–Pt, Pt–Rh and Cu–Rh
binary alloys where experimental or theoretical data are
available. Figure 4 shows the resultant ground-state diagrams
for Cu–Pt, Pt–Rh and Rh–Cu binary alloys. Structures with
negative formation enthalpy are represented by small black
circles and ground-state structures are represented by large
circles. The dotted curves denote simulated mixing enthalpy
for disordered alloys at T = 1200 K. For the Cu–Pt alloy,
three ordered structures are predicted to be the ground state.
We successfully find two established ordered structures of
L11 at Pt50Cu50 and L12 at Pt25Cu75, which are consistent
both with previous theoretical [10] and experimental [11]
work. At Pt75Cu25, a stable ordered structure has not been
experimentally established, but the predicted L12 structure
is consistent with a previous DFT study [10]. Mixing
enthalpy for a disordered alloy at equiatomic composition
shows 102 meV/atom, which is in good agreement with the
measured enthalpy of ∼114 meV/atom at T = 1350 K [11].
For the Pt–Rh alloy, we predict four ordered structures in

Figure 3. Quasibinary effective pair interactions. Open circles
denote Cu–Pt pairs; open triangles, Pt–Rh pairs; open squares,
Rh–Cu pairs.

the ground state: ‘40’ at Pt50Rh50 and D022 at Pt25Rh75

are consistent with both early DFT-based theoretical [12, 13]
and experimental [14] studies. D022 at Pt75Rh25 is not
consistent with the early theoretical [12] study, but agrees with
a more recent DFT-based theoretical prediction [13]. Note
that predicted ordered structures are all superlattices along the
[210] direction (i.e. alternate stacking of Pt and Rh atoms
along the [210] direction with the number of stacking layers
depending on composition), which also holds for the ordered
structures previously predicted by DFT calculations [12, 13].
This ordering tendency is also confirmed by a diffuse x-ray
scattering study [14], where the short-range order parameter
shows its maximum at the W point of [1 1/2 0] in the reciprocal
space. Therefore, we can successfully predict the characteristic
ordering tendency along the [210] direction for the Pt–Rh
alloy. For Rh–Cu, as predicted by the signs of QEPIs in
figure 3, there is found to be no stable ordered structure.
Mixing enthalpy �H for Pt–Rh and Cu–Rh alloys has
been experimentally investigated based on a pseudosubregular
model. At equiatomic composition, we estimate �H to
be −16 and +82 meV/atom for Pt–Rh and Cu–Rh alloys,
which are both in qualitative agreement with ∼−28 and
∼+120 meV/atom at T = 1273 and 1275 K from the previous
measurement [15, 16]. The difference between the measured
and the present theoretical value could be partially due to the
use of a pseudosubregular model for excess entropy in the
measurement, which assumes an entropy expression of the
same type of functional dependence of composition for mixing
enthalpy. To summarize, we successfully predict energetics of
both ground-state ordered structures and disordered state for
the constituent binary alloys within established theoretical and
experimental data.

We now proceed with our discussion about energetics of
the disordered state to the Cu–Pt–Rh ternary alloy. Figure 5
shows a ternary diagram of formation energy for the Cu–Pt–
Rh disordered alloy at T = 1200 K. It can be seen that the
topology of the formation energy landscape seems similar to
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Figure 4. Ground-state diagram for Cu–Pt, Pt–Rh and Rh–Cu binary alloys obtained via MC simulations. Structures with negative formation
enthalpy are represented by small black circles and ground-state structures are represented by large circles with its structure name. The dotted
curves denote mixing enthalpy for disordered alloys at T = 1200 K.

Figure 5. Ternary diagram of formation energy for Cu–Pt–Rh
disordered alloy at T = 1200 K.

constituent binaries: the upper and lower limits of formation
energy for the ternary alloy correspond to the lowest and
highest formation energy for Cu–Pt and Cu–Rh binary alloys,
respectively. Formation energy of constituent binaries of Cu–
Pt, Pt–Rh and Cu–Rh gradually get close to zero when the
composition of the other elements increases. As a result, there
can be seen a wide range of compositions for a significantly
weak mixing tendency of −20 � �Eform � 20 meV/atom,
which is illustrated by the yellow and greenish yellow areas in
figure 5.

At finite temperature, the disordered alloy should have a
weak ordering or clustering tendency due to the competition
between configuration entropy and mixing energy. In order to
see which atomic bonds are likely to be ordering or clustering
in the ternary alloy, we introduce the affinity α, which is
defined as

αIJ
n = yIJ(system)

yIJ(random)
− 1, (4)

where yIJ(system) and yIJ(random) represent the pair
probability of I–J elements for the system and completely
disordered alloy, respectively. Therefore, αIJ > 0 represents a

preference of I–J bonds and αIJ < 0 disfavor. For a completely
random alloy, the pair probability of the I–J pair, yIJ(random),
is simply given by 2cIcJ, where cI and cJ denote composition
of I and J elements, respectively. Figure 6 shows the ternary
diagram of the resultant simulated affinity along the 1-NN
and 2-NN coordination for the Cu–Pt–Rh ternary disordered
alloy. Cu–Pt atoms along the 1-NN and 2-NN coordination
both exhibit large values in positive sign for almost all the
composition range, indicating a strong ordering tendency along
these coordinations for the whole composition. This tendency
should reflect positive values in QEPIs for the 1-NN and 2-
NN Cu–Pt pairs shown in figure 3. For Pt–Rh atoms, the
ordering tendency significantly depends on both composition
and coordination: at a Pt-rich composition, Pt–Rh atoms in the
1-NN are preferred while at a Pt-poor composition, disfavor
of the Pt–Rh atoms can be seen. Since the 1-NN Pt–Rh pair
is energetically preferred in the Pt–Rh binary alloy [8], the
ordering tendency for the 1-NN pair in the binary alloy is
retained in the Pt-rich composition, which is disrupted when
the composition of Pt decreases. The affinity for 2-NN Pt–
Rh atoms exhibits a negative sign for the whole composition
range. Since the 2-NN Pt–Rh pair is energetically disfavored
in the Pt–Rh binary alloy [8], the ordering tendency for the
2-NN pair in the binary Pt–Rh alloy is retained for the whole
ternary composition range. The affinity for 1-NN Cu–Rh atoms
exhibits a negative sign for almost all the composition range
except for significant Cu-rich composition. Since the Cu–
Rh binary alloy undergoes phase separation due mainly to
the significant disfavor of 1-NN Cu–Rh atoms, this tendency
in the binary alloy is retained for the ternary alloy, which
certainly reflects the large value in negative sign of QEPI for
1-NN Cu–Rh, as shown in figure 3. 2-NN Cu–Rh atoms are
disfavored at Pt-poor compositions, while it is preferred at
Pt-rich compositions. To summarize, the ordering tendency
of 1-NN and 2-NN Cu–Pt, 2-NN Pt–Rh and 1-NN Cu–Rh
atoms in constituent binary alloys is retained for the whole
composition range of Cu–Pt–Rh ternary alloys, while that of
1-NN Pt–Rh and 2-NN Cu–Rh atoms significantly depends on
the composition.
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Figure 6. Calculated affinity α along the 1-NN and 2-NN coordination for Cu–Pt–Rh ternary disordered alloy at T = 1200 K.

4. Conclusions

Phase stability of Cu–Pt–Rh ternary disordered alloys is
investigated by a combination of cluster expansion techniques
and Monte Carlo statistical simulation based on first-principles
calculation. First, we have successfully predicted the
energetics for both ordered and disordered constituent binary
Cu–Pt, Pt–Rh and Rh–Cu alloys by comparing previous
experimental as well as theoretical investigations. Quasibinary
effective pair interactions indicate that neighboring Cu and Pt
strongly prefer unlike-atom pairs, Pt and Rh weakly prefer
unlike-atom pairs, and Cu and Rh atoms prefer like-atom pairs.
This indicates that the ordering tendency in constituent binary
alloys is retained in the ternary Cu–Pt–Rh alloy. Formation
energy of a random alloy at T = 1200 K below the melting
temperature exhibits a negative sign for a wide range of Pt-
rich compositions, while at Pt-poor compositions of x � 0.25,
the formation energy has a positive value. The upper and
lower values of formation energy correspond to the maximum
and minimum formation energy for Cu–Rh and Cu–Pt binary
alloys, respectively. We investigate weak ordering or clustering
tendency for the disordered alloy based on affinities: Cu–Pt
bonds in both first-and second-nearest neighbor (1-NN and 2-
NN) are energetically preferred for all the composition range,
the Pt–Rh bond in 1-NN is preferred at Pt-rich compositions,
the Pt–Rh in 2-NN and Rh–Cu in 1-NN is unfavored for all
compositions and the Rh–Cu bond in 2-NN is unfavored for
Pt-poor compositions. We elucidate that the ordering tendency
of 1-NN and 2-NN Cu–Pt, 2-NN Pt–Rh and 1-NN Cu–Rh
atoms in constituent binary alloys is retained for the whole
composition range of Cu–Pt–Rh ternary alloys, while that of
1-NN Pt–Rh and 2-NN Cu–Rh atoms significantly depends on
the composition.
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